Abstract. We get an upper bound of the slope of each graded quotient for the Harder-Narasimhan filtration of the Hodge bundle of a Teichmüller curve.
Introduction
Let M g be the moduli space of Riemann surfaces of genus g, and ΩM g → M g the bundle of pairs (X, ω), where ω = 0 is a holomorphic 1-form on X ∈ M g . Denote ΩM g (m 1 , ...m k ) ֒→ ΩM g the stratum of pairs (X, ω), where ω( = 0) have k distinct zeros of order m 1 , ..., m k respectively.
There is a nature action of GL + 2 (R) on ΩM g (m 1 , ...m k ), whose orbits project to complex geodesics in M g . The projection of an orbit is almost always dense. However, if the stabilizer SL(X, ω) ⊂ SL 2 (R) of a given form is a lattice, then the projection of its orbit gives a closed, algebraic Teichmüller curve C.
After suitable base change and compacfication, we can get a universal family f : S → C, which is a relative minimal semistable model with disjoint sections D 1 , .., D k ; here D i | X is a zero of ω when restrict to each fiber X. The relative canonical bundle formula (1) 
of the Teichmüller curve is([4][8]):
Here L ⊂ f * ω S/C be the line bundle whose fiber over the point corresponding to X is Cω, the generating differential of Teichmüller curves. There are many nature vector subbundles of the Hodge bundle f * (ω S/C ):
One can construct many filtration by using these subbundles. In particular, using properties of Weierstrass semigroups, we have constructed the Harder-Narasimhan filtration of f * (ω S/C ) for Teichmüller curves in hyperelliptic loci and some low genus nonvarying strata [23] . In this article, we will get an upper bound of the slope of each graded quotient for the Harder-Narasimhan filtration of f * (ω S/C ) of Teichmüller curves in each stratum. For a vector bundle V , define µ i (V ) = µ(gr 
Here a i is the i-th largest number in {− j mi+1 |1 ≤ j ≤ m i , 1 ≤ i ≤ k}, P is the special permutation (4) and H i (P ) ≥ 2i − 2.
Fix an SL 2 (R)-invariant, ergodic measure µ on ΩM g . The Lyapunov exponents for the Teichmüller geodesic flow on ΩM g measure the logarithm of the growth rate of the Hodge norm of cohomology classes under the parallel transport along the geodesic flow.
In general, it is difficult to compute the Lyapunov exponents. There are some algebraic attempts to compute the sum of certain Lyapunov exponents, all of which are based on the following fact: the sum of these Lyapunov exponents is related with the degree of certain vector bundles (cf. Theorem 4.1). In particular, the sum of Lyapunov exponents of a Teichmüller curve equals deg(f * (ω S/C ))/deg(L). This algebraic interpretation combined with information about the Harder-Narasimhan filtration gives the following estimate: [20] .
The Harder-Narasimhan filtration also gives rise to an upper bound of the degrees of any vector subbundles, especially those related to the sum of certain Lyapunov exponents (cf. Proposition 5.5).
For individual Lyapunov exponents, due to the lack of algebraic interpretation, we will make the following assumption:
here L i are line bundles such that the i-th Lyapunov exponent satisfies the equality:
There are many examples satisfying this assumption: triangle groups [2] , square tiled cyclic covers [7] [11], square tiled abelian covers [22] , some wind-tree models [6] , and algebraic primitives.
Our estimate on the slopes of the Harder-Narasimhan filtration will give the following upper bound for individual Lyapunov exponents: Proposition 1.4. (Proposition 5.7) For a Teichmüller curve which satisfies the assumption 1.3 and lies in ΩM g (m 1 , ...m k ), the i-th Lyapunov exponent satisfies the inequality:
Here a i is the i-th largest number in {−
The equality can be reached for an algebraic primitive Teichmüller curve lying in the hyperelliptic locus induced from Q(2k 1 , ..., 2k n , −1 2g+2 ). For Teichmüller curves lying in hyperelliptic loci and some low genus nonvarying strata, the following proposition is obvious because we have constructed the HarderNarasimhan filtration in [23] . The i-th Lyapunov exponent λ i equals the w i which is computed in the theorem 3.5.
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Harder-Narasimhan filtration
The readers are referred to [12] for details about sheaves on algebraic varieties. Let C be a smooth projective curve, V a vector bundle over C of slope µ(V ) :
A Harder-Narasimhan filtration for V is an increasing filtration:
such that the graded quotients gr For a vector bundle V , define µ i (V ) = µ(gr
Lemma 2.1. Let V and U be two vector bundles of rank n over C, with increasing filtration
We will show that the canonical morphism
For m ≤ j, l ≥ i, the quotients gr
, V l /V l−1 are semistable and µ(gr Let grad(HN (V )) denote the direct sum of the graded quotients of the HarderNarasimhan filtration: grad(HN (V )) = ⊕gr
Lemma 2.2. Given vector bundles V 1 , ..., V n , we have:
Proof. By induction, we only need to show the case n = 2. Let
be the Harder-Narasimhan filtration of
. We will get HN i+1 (V 1 ⊕ V 2 ) by the following rule:
It is easy to check that the vector bundle gr
), µ(gr
)} and the slope is strictly decreasing in i. We have thus constructed the HarderNarasimhan filtration of V 1 ⊕ V 2 . From the construction, we also have
and
Filtration of the Hodge bundle
Let ΩM g (m 1 , ..., m k ) be the stratum parameterizing (X, ω) where X is a curve of genus g and ω is an Abelian differentials (i.e.a holomorphic one-form) on X that have k distinct zeros of order
resp. odd, resp. even) the hyperelliptic (resp. odd theta character, resp. even theta character) connected component. ( [15] ) Let Q(d 1 , ..., d n ) be the stratum parameterizing (X, q) where X is a curve of genus g and q is a meromorphic quadratic differentials with at most simple zeros on X that have k distinct zeros of order d 1 , ..., d n respectively.
If the quadratic differential is not a global square of a one-form, there is a canonical double covering π : Y → X such that π * q = ω 2 . This covering is ramified precisely at the zeros of odd order of q and at the poles. It give a map 
There is a nature action of GL + 2 (R) on ΩM g (m 1 , ..., m k ), whose orbits project to complex geodesics in M g . The projection of an orbit is almost always dense. If the stabilizer SL(X, ω) ⊂ SL 2 (R) of given form is a lattice, however, then the projection of its orbit gives a closed, algebraic Teichmüller curve C.
The Teichmüller curve C is an algebraic curve in ΩM g that is totally geodesic with respect to the Teichmüller metric.
After suitable base change, we can get a universal family f : S → C, which is a relatively minimal semistable model with disjoint sections
Let L ⊂ f * ω S/C be the line bundle whose fiber over the point corresponding to X is Cω, the generating differential of Teichmüller curves; it is also known as the "maximal Higgs" line bundle. Let ∆ ⊂ B be the set of points with singular fibers, then the property of being "maximal Higgs" says by definition that
together with an identification (relative canonical bundle formula)( [4] [8]):
By the adjunction formula we get
and the fact that all subsheaves of a locally free sheaf on a curve are locally free, we deduce that
F is a generic fiber. We have constructed many filtration of the Hodge bundle by using those vector bundles in [23] .
A fundament exact sequence for those filtration is the following:
There are many properties of these filtration:
and the direct sum of the graded quotient of this filtration is
For a Teichmüller curves lying in hyperelliptic loci and low genus non-varying strata, we have constructed the Harder-Narasimhan filtration.
Write For a Teichmüller curve lying in some low genus non varying strata, the w i 's are computed in Table 1,Table 2,Table 3 .
Lyapunov exponents
A good introduction to Lyapunov exponents with a lot of motivating examples is the survey by Zorich ([24] ).
Fix an SL 2 (R)-invariant, ergodic measure µ on ΩM g . Let V be the restriction of the real Hodge bundle (i.e. the bundle with fibers H 1 (X, R)) to the support M of µ. Let S t be the lift of the geodesic flow to V via the Gauss-Manin connection. Then Oseledec's multiplicative ergodic theorem guarantees the existence of a filtration
by measurable vector subbundles with the property that, for almost all m ∈ M and all v ∈ V m \{0} one has
where i is the maximal index such that v is in the fiber of V i over m i.e.v ∈ (V i ) m . The numbers λ i for i = 1, ..., k ≤ rank(V ) are called the Lyapunov exponents of S t . Since V is symplectic, the spectrum is symmetric in the sense that λ g+k = −λ g−k+1 . Moreover, from elementary geometric arguments it follows that one always has λ 1 = 1.
There is an algebraic interpretation of the sum of certain Lyapunov exponents: 
λ i be the sum of Lyapunov exponents, and put k µ = 
where c area (C) is the Siegel-Veech constant corresponding to C.
Because the Siegel-Veech constant is non-negative, there is a lower bound L(C) ≥ k µ .
Upper bounds
Denote by |L| the projective space of one-dimensional subspaces of H 0 (X, L). For a (projective) r-dimension linear subspace V of |L|, we call (L, V ) a linear series of type g r d .
Theorem 5.1 (Clifford's theorem [13] ). Let L be an effective special divisor (i.e. h 1 (L) = 0) on the curve X. Then
Furthermore, equality occurs if and only if either L = 0 or L = K or X is hyperelliptic and L is a multiple of the unique linear series of type g The point p i is the intersection of the section D i with the generic fiber F .
First by Clifford's Theorem h 0 (p
, we have H j (P ) ≥ 2j − 2. When j < g, if the equality holds then C lies in the hyperelliptic locus.
Next by using vector bundles
we see that the graded quotients V Proof. In ΩM g (m 1 , ...m k ), there is a direct sum decomposition ( [18] ):
We want to estimate the maximal degree of the rank g − 1 subbundle
By exact sequence (3), we have
The last equality follows from the fact that the D i 's are disjoint. By lemma 3.3, we have grad(
O Di (jD i ) . By lemma 2.2, the direct sum of the graded quotients of
Consider the degree of each summand, we can easily construct a filtration of
We rearrange the 2g − 2 points
By induction we get:
We get the following exact sequence by using (3):
The lemma 3.4 and the Clifford theorem give us:
After some element computations:
We get
When the inequality becomes equal, we have
2 , its generic fibers is hyperelliptics unless a 1 = a 2 = ... = a 2g−2 which means m 1 = ... = m 2g−2 = 1.
The hyperelliptic locus in a stratum ΩM g (m 1 , ..., m k ) induces from a stratum
By the formula of sums for the hyperelliptic locus in [8] ,
a Teichmüller curve in the hyperelliptic locus satisfies L(C) = They also have obtained a bound by using Cornalba-Harris-Xiao's slope inequality ( [20] ):
In fact we have obtained an upper bound of the slope of each graded quotient of the Harder-Narasimhan filtration of f * (ω S/C ) for Teichmüller curves:
Lemma 5.4. For a Teichmüller curve which lies in ΩM g (m 1 , ...m k ), we have inequalities:
Proof. For the vector bundle
It is controlled by the following filtration:
The Harder-Narasimhan filtration always give an upper bound of degrees of any sub vector bundles, especially those related to the sum of certain Lyapunov exponents.
Proposition 5.5. If the VHS over the Teichmüller curve C contains a sub-VHS W of rank 2k, then the sum of the k corresponding non-negative Lyapunov exponents is the sum of w i1 , ..., w i k (where i j are different to each other) and satisfies 0) is summand of f * (ω S/C ) by Deligne's semisimplicity theorem. The slope µ j (W (1, 0) ) is equal to µ ij (f * (ω S/C )) for some j by lemma 2.2, here we can choose i j such that each other is different.
By lemma 5.4 and a i decrease in i,
We only present an example to explain the general principle on how to improve the upper bound when we know more information about Weierstrass semigroups of general fibers. Proof. a i equal: −1/3, −1/3, −1/2, −1/2, −2/3, −2/3. By Clifford theorem, H 2 (P ) ≥ 3, H 3 (P ) = 5, H 4 (P ) = 6, so we choose the third (or the fourth), the fifth, the sixth element of a i : −1/2, −1/3, −1/3. Finally we have
This result has appeared in [4] .
Proposition 5.7. For a Teichmüller curve which satisfies the assumption 1.3 and lies in ΩM g (m 1 , ...m k ), the i-th Lyapunov exponent satisfies the inequality::
Proof. The assumption 1.3 and the lemma 2.2 give us
The equality can be reached for an algebraic primitive Teichmüller curve lying in the hyperelliptic locus induced from Q(2k 1 , ..., 2k n , −1 2g+2 ).
Assumptions
Abelian covers. The Lyapunov spectrum has been computed for triangle groups ( [2] ), square tiled cyclic covers ( [7] [11]) and square tiled abelian covers ( [22] ). They all satisfy the assumption 1.3. Here we give the description of square tiled cyclic covers:
Consider an integer N ≥ 1 and a quadruple of integers (a 1 , a 2 , a 3 , a 4 ) satisfying the following conditions:
Let z 1 , z 2 , z 3 , z 4 ∈ C be four distinct points. By M N (a 1 , a 2 , a 3 , a 4 ) we denote the closed connected nonsingular Riemann surface obtained by normalization of the one defined by the equation
Varying the cross-ratio (z 1 , z 2 , z 3 , z 4 ) we obtain the moduli curve M (ai),N . As an abstract curve it is isomorphic to M 0,4 ≃ P 1 − {0, 1, ∞}; more strictly speaking, it should be considered as a stack. The canonical generator T of the group of deck transformations induces a linear map T * : If r = g, it is called algebraic primitive Teichmüller curves. We know there are only finite algebraic primitive Teichmüller curves in the stratum ΩM 3 (3, 1) by Möller and Bainbridge in [1] , and they conjecture that the algebraic primitive Teichmüller curves in each stratum is finite ( [20] ).
Remark 6.2. Algebraic primitive Teichmüller curves in the stratum ΩM 3 (3, 1) has Lyapunov spectrum {1, We have constructed the Harder-Narasimhan filtration with w i > 0 in [23] . If k < g, then deg(W ) = 0 by the assumption 1.3. Using lemma 2.2, we get
w ji > 0
It is contradiction! Thus we have grad(HN (f * (ω S/C ))) = g ⊕ i=1 L i and λ i = w i .
Hyperelliptic loci. It has been shown in [7] that the "stairs" square tiled surface S(N ) satisfies the assumption 1.3 and belongs to the hyperelliptic connected component ΩM Which has been shown in [7] by using the fact S(N ) is quotient of M N (N − 1, 1, N − 1, 1) (resp. M 2N (2N − 1, 1, N, N ) ) for N is even (resp. odd). 
